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Abstract
In this work we study the cosmological evolution of a two component model with non-
relativistic dark matter and decaying vacuum of the form Λ = Λ0 + 3βH
2. We contrast
the model the model with the supernovae data and found that the model parameter β =
−0.010 when the interaction parameter b = 0 and is β = −0.002 when b = 0.001. The
thermal evolution study of the model indicates that it obeys the generalized second of
entropy and also satisfies the convexity condition, S¨ < 0 so that the model behaves like
an ordinary macroscopic system which approaching a stable equilibrium thermal state is
the asymptotic condition. The dynamical system analysis reveals that, the model posses
a prior decelerated epoch represented by a saddle critical point and the late critical point
represents an accelerating epoch which posses a convergence of phase-space trajectories
form both the regions of the point hence can be considered as stable.
1 Introduction
The discovery of the recent acceleration in the expansion of the universe[1, 2] become the
most important theoretical challenge now a days. Dark energy become the most promising
candidate for understanding this, but the nature of this exotic cosmic component[3, 4] is
still a mystery. The standard ΛCDM model, in which the cosmological constant is the dark
energy, become the most successful model in explaining this recent acceleration. However
this model faces with certain serious issues such as cosmological constant problem and coin-
cidence problem[3]. The cosmological constant problem is regarding the large discrepancy
between the observed value of cosmological constant and its theoretical prediction from
quantum field theory[5], which is nearly 120 orders of magnitude. Coincidence problem
is about the mysterious coincidence of the present densities of dark matter and dark en-
ergy. The approach to solve these problems is to consider that the dark energy density
is varying with the expansion of the universe. Since then various dynamical dark energy
models have been proposed, for instance, scalar field model[3], the holographic Ricci dark
energy model[6–8, 18], which is arises from the cosmological holographic principle[9] and
Chaplygin gas models[10] are a few.
Recently decaying vacuum [11, 12], also called as the running vacuum, has been con-
sidered as a suitable dynamical dark energy candidate. It has plausibility of giving a
unified description of the early inflation and the late acceleration[14]. Some recent analy-
sis on cosmological data, gives strong indications for such a slowly varying vacuum energy
component[13]. The decaying vacuum models has its root in quantum field theories[19, 20].
For example it can be realized through scalar fields[25–27] coupling with the dark matter
component. There are models of decaying vacuum in recent literature which dealing with
the possible particle production arised due to the coupling between the dark sectors[21].
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Decaying vacuum based on the renormalization group approach in quantum field theory
in curved space-times has been considered in references[28, 29] and it turn out to be a
suitable candidate. The effective action in such theories inherits quantum effects from
the matter sector. In general, the renormalization group techniques in curved space-times
leads to a vacuum energy depending on the Hubble parameter H and its time derivative,
of the form ρΛ(H, H˙) = M
2
PlΛ(H, H˙) (see [22–24] and references there in). Motivating
from this many have considered varied phenomenological versions of decaying vacuum
[11, 12, 31, 32, 34, 36]. One such simple but potential candidate for the decaying vacuum
is Λ(t) = Λ0 + 3βH
2[37], where Λ0 is a bare cosmological constant and β is the model
parameter. The Λ0 term is crucial in predicting the transition from a prior decelerated
epoch to a later accelerated epoch[40, 41], in the absence of which the model is either
eternally accelerating or decelerating. This model has been used to study the star formation
rate and have found a constraint to the parameter as, β < 0.01[37]. The real significance of
this model of decaying vacuum is in the context of recent acceleration, in which it deserve
a detailed study. Also using the star formation data to constrain parameter β is actually
in tension, since it has been pointed out that star formation data has large observational
uncertainties, especially for high redshift data. On the other hand, there is comparatively
less uncertainty in the supernovae data[39]. So it is worth analyzing the model in the light
of the supernovae data. In the present work we have studied the cosmological evolution of
this model of decaying vacuum with reference to the supernovae data. We have extended
our analysis by considering the possible interaction between decaying vacuum and the dark
matter. We also perform a study on the thermodynamics and dynamical system behavior
of the model.
The paper is organized as follows.
2 Background evolution of the model
We consider a flat FLRW universe, with cold dark matter and decaying vacuum of the
form[37]
Λ(t) = Λ0 + 3βH
2 (1)
as cosmic components. The evolution of the FLRW universe satisfies the basic Friedmann
equation,
3H2 = 8piG (ρm + ρΛ) , (2)
where ρm is the density of the non-relativistic matter, mainly the cold dark matter and
ρΛ = Λ(t)/8piG is the decaying vacuum energy density. The cosmic components together
satisfies the energy and momentum conservation, Tµν;ν = 0, where T
µν = (ρ+P )u
µuν−pgµν ,
with uµ is the fluid four velocity, ρ and P are effective fluid density and pressure respectively.
In the absence of source and sink, this implies a conservation law of the form,
ρ˙m + ρ˙Λ + 3H (ρm + pm) + 3H (ρΛ + pΛ) = 0 (3)
where pm and pΛ are the pressures due to non-relativistic matter and decaying vacuum
respectively and the over dot represents a derivative with respect to cosmic time. For
non-relativistic matter, pm ∼ 0 and for decaying vacuum, pΛ = −ρΛ. As a result the above
conservation equation become,
ρ˙m + ρ˙Λ + 3Hρm = 0 (4)
2
From equations (1) and (4) together with a change of variable from t to x = log a, where
a is the scale factor of expansion, we have,
dh2
dx
+ 3(1− β)h2 + 3ΩΛ0 = 0 (5)
where h = H/H0,ΩΛ0 =
Λ0
3H20
and H0 is the current value of the Hubble parameter. Solving
this, we get the Hubble parameter as,
H2 = H20
[(
1− ΩΛ0
1− β
)
a−3(1−β) +
ΩΛ0
1− β
]
(6)
For β = 0 the above equation reduces to the corresponding equation in ΛCDM model as
expected. In the limit a→ 0, the Hubble parameter, H → (1− ΩΛ01−β )a−3(1−β) and it implies
a prior decelerated matter dominated epoch. While in the future asymptotic limit, a→∞,
the Hubble parameter attain a constant value, H → H0
√
ΩΛ0
1−β and it corresponds to the
end de Sitter epoch at which the expansion is accelerating. So the model does implies a
transition from a decelerated phase to a late accelerated phase of expansion. It is evident
that, for Λ0 = 0 the model does not predict a transition from a prior decelerated to a late
accelerated phase. The evolution of the Hubble parameter for the best fit values of the
model parameters, ΩΛ0 = 0.685, H0 = 69 and β = −0.010 (estimated in a later section) is
given in Fig.1, in comparison with the that of standard ΛCDM model. The evolution H is
almost same in both models.
The scale factor of expansion can then be obtained by integrating the Hubble parameter
and the result is,
a =
(
1− β − ΩΛ0
ΩΛ0
) 1
3(1−β)
(
sinh
[
3
2
√
(1− β)ΩΛ0H0t
]) 2
3(1−β)
(7)
where t is the cosmic time. First of all, this equation reduces to the corresponding equation
of ΛCDM model for β = 0. For small values of t, the scale factor evolves as, a ∝ t 23(1−β)
and is corresponding to the prior matter dominated phase of the universe, while for large
values of t, the scale factor, a ∝ exp
√
Λ0
3(1−β) t, implying the later de Sitter phase. The
evolution of the scale factor in contrast to the standard model ΛCDM is shown in Fig. 1.
As like the Hubble parameter the scale factor evolution of the model is also very close to
that of the ΛCDM model.
2.1 Model with explicit interaction between the dark sectors
It could be possible to have non-gravitational interaction between the dark sectors of the
universe. The conservation equations with interaction will be[8]
˙ρm + 3H(ρm + pm) = Q, ρ˙Λ + 3H(ρΛ + pΛ) = −Q (8)
The term Q represents the interaction between the dark sectors and if Q > 0 there occur
energy transfer from dark energy to the dark matter sector and if Q < 0 energy transition
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takes place from matter sector to dark energy. Owing to the lack of detailed knowledge of
this interaction we will assume a phenomenological form for Q as[8],
Q = 3Hbρm (9)
where b is a parameter characterizing the interaction, the value of which is to be constrained
by the observation data.
The pressure due to the non-relativistic matter is zero hence the first of the conservation
equations (8) become
ρ˙m = −3(1− b)Hρm (10)
Using this equation and the Friedmann equation (2), it can be easily shown that,
H˙ = −γ
2
ρm (11)
where γ = 1−b1−β . Substitute for ρm and subsequently for ρΛ, we get
d(H/H0)
2
dx
= −3γ(1− β)(H/H0)2 + 3γΩΛ0 (12)
Here we have changed the variable form cosmic time t to x = log a. On solving this we get
the Hubble parameter as,
H2 = H20
[(
1− ΩΛ0
1− β
)
a−3(1−b) +
ΩΛ0
1− β
]
(13)
It should be noted that, for b = 0 the above equation would not reduces to the Hubble
parameter in equation (6). Because in such case, the conservation equations (8) becomes
the one corresponding to the independent conservation of dark matter and dark energy
respectively. Dark energy represented by the running vacuum in equation (1) is self con-
served only for β = 0, for which the the running vacuum become equal to the bare constant,
Λ0. Hence b = 0 naturally implies a vanishing β, correspondingly the Hubble parameter
reduces the pure ΛCDM model, H2/H20 = (1− ΩΛ0)a−3 + ΩΛ0 = Ωm0a−3 + ΩΛ0.
The asymptotic behavior of the Hubble parameter (13) is as follows. In the limit a→ 0
the Hubble behave as H2/H20 → (1 − Ωm01−β )a−3(1−b), representing the matter dominated
decelerating epoch. But as a → ∞ the Hubble parameter go as, H2/H20 → ΩΛ01−β , corre-
sponds to the late accelerating epoch dominated by dark energy. Thus the model gives
a transition from an early decelerated phase to a later accelerated phase as warranted by
the observation. The analytical expressions for scale factors is obtained by integrating the
Hubble parameter as,
a =
(
ΩΛ0
1− β − ΩΛ0
) −1
3(1−b)
sinh
2
3(1−b)
[
3
2
√
ΩΛ0
1− β) (1− b)H0t
]
.
(14)
For small values of t, the scale factor varies as a ∝ t 23(1−b) and for large values of t, scale
factor shows exponential variation of time as a ∝ exp
√
Λ0
3(1−β) t . Earlier case implies the
matter dominated epoch while later case indicate the de Sitter phase of the universe.
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The evolution of the Hubble parameter in terms of cosmic time is obtained form equa-
tion(13) as,
H = H0
√
ΩΛ0
1− β coth
[
3
2
H0t(1− b)
√
ΩΛ0
(1− β
]
(15)
3 Estimation of model Parameters and evolution of the
cosmological parameters
In this section we are evaluating the model parameters, especially, β using the supernova
data. As we have mentioned in the introduction, the parameter β has been evaluated
before in [37] for b = 0 with reference to the cosmic star formation data. The cosmic
star formation data are exist for relatively high redshift. For instance there exists cosmic
star formation data for large redshift of the oder of z ∼ 10, which has been obtained
form high redshift galaxies and some gamma ray bursts[39]. However the observational
uncertainties are considerably large for redshifts, z > 3. So the authors in reference[37]
were able to find only an upper bound to the parameter β. The supernovae data has got
comparatively less uncertainties primarily due to very fact that the corresponding data
were obtained for redshifts less 2 and also they are available in sufficiently large numbers.
More over Supernovae data were give sufficient information regarding the era of accelerated
expansion of the universe and hence most suitable than cosmic star formation formation
data to constrain the dark energy parameters.
The parameters are extracted by the method of χ2 analysis. Luminosity distance dL of
a supernova at a redshift z is given by
dL = c(1 + z)
∫ z
0
dz′
H
(16)
where c is the velocity of light. From this the distance modulus µt of the star can be
calculated using the relation,
µt = 5log10
[
dL
Mpc
]
+ 25 (17)
This theoretical estimate of the modulus can then be compared with the corresponding
observational value µi for the same redshift. Such comparison for the the observational
supernovae data are weighted with the respective standard error, σi in the observation.
Then the total χ2 function which compare these two moduli can be defined as,
χ2 =
n∑
i=1
(µt − µi)2
σ2i
(18)
where n is the total number of supernovae observational data. We have used the Union
data consists of 307 supernovae observations[30] in the redshift range 0.01 < z < 1.5. We
have evaluated the parameters for model with no known interaction and also model with
known interaction parameter b and the results are shown in Table.1. In contrast to the
reference [37], we have evaluated the exact value of the parameter β and and found to
be negative, however it is compatible with the upper limit evaluated in [37] using the star
formation data. For non-zero value of the interaction parameter b = 0.001, the cosmological
5
,Figure 1: Comparison of evolution of Hubble parameter(left panel) and scale factor (right panel) between
ΛCDM and the present model. Both are having almost the same evolution.
Figure 2: Evolution of the Hubble parameter and corresponding scale factor with interaction
parameter b = 0.001.
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Table 1: Best fit values of the parameters of the model using Supernovae data
b χ2min χ
2
min/d.o.f H0 ΩΛ0 β
- 315.337 1.03 69 0.685 -0.010
0.001 312.478 1.02 70 0.713 -0.002
parameters have slightly higher value, especially the value β = −0.002 at which the present
value of the Hubble parameter is slightly less.
The evolution of the Hubble with redshift for the case where the cosmic components
follow the common conservation law, is given in the left panel of Fig.1 corresponding to
the best fit values of the parameters. For comparing with the ΛCDM model we have
plotted the corresponding H parameter in the same panel and is almost coincide that of
the present model. This indicates that the model is similar to ΛCDM as far as the expansion
is concerned. In the right panel of the same figure we have given the evolution of the scale
factor with H0t. Side by side with it the corresponding plot for the standard ΛCDM is also
given for comparison. First the plot indicating the presence of prior deceleration and a
later acceleration in the expansion and secondly it says that the model under consideration
is giving a behavior almost like that of the ΛCDM model. The similarity in the behavior
of the present decaying model is evidently due to the low value of the model parameter β.
The time evolution of the Hubble parameter for non-zero interaction parameter for the
best estimated values of the parameters is plotted in left panel of Figure.2 and evolution
of the scale factor is given in the right panel. There is no substantial difference in the
behavior of the Hubble parameter as compared to ΛCDM model. In the asymptotic limit
when the universe approach a de Sitter epoch, the cosmological parameter will tends to a
constant value, ΩΛ01−β . The best estimate of the parameter, β = −0.002, the values become,
ΩΛ =
ΩΛ0
1.002 and is very close to ΩΛ0. Most important factor to be noted is that, unlike in the
ΛCDM model, even though the vacuum energy corresponds evolving, the evolution of the
other cosmological parameters like Hubble parameter and scale factor are in concordance
with that in the standard ΛCDM model.
4 GSL and entropy boundedness
In this section we analyses the thermodynamic evolution of the model. Considering the
Universe as an isolated macroscopic system, the total entropy comprises the entropies due
to dark energy, dark matter plus that of horizon. The entropy evolution of the fluids within
the horizon of the universe is is given by the Gibbs relation,
TdS = pdV + dU, (19)
where T is the temperature, V is the volume of the universe enclosed by the horizon and
U = ρV is the internal energy of the cosmic fluids. Along with this the entropy also
satisfy,[42]
∂2S
∂T∂V
=
∂2S
∂V ∂T
(20)
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which actually follows from the integrability condition. This immediately implies,
dS = d
[
(ρ+ p)V
T
+ C
]
(21)
where C is the integration constant. The term, (ρ+p)/T can be interpreted as the entropy
density. These equations directly implies that, the entropy contribution from the decaying
Figure 3: Variation of rate of change of total entropy S˙ with H0t.
vacuum, since it satisfying the equation of state pΛ = −ρΛ, is zero. So only non-relativistic
matter and horizon, contribute to the total entropy. The generalized second law (GSL)
then demands that, the total entropy, due to the matter and horizon together, must always
increase, that is,
S˙ = S˙m + S˙h ≥ 0, (22)
where the over-dot represents a derivative with respect to time. On the other hand, bound-
edness of the entropy, at which entropy attains a maximum, leads to the convexity condi-
tion, S¨ < 0 at least at the end stage of the evolution. This condition also guarantees the
achievement of stable equilibrium asymptotically.
4.1 For the case where the cosmic components satisfy a common
conservation law
Here we check the status of the GSL and the convexity condition for case in which the cosmic
components conserve together and the Hubble parameter is given by the equation(6). The
rate of change of entropy due to non-relativistic matter can be obtained using the equation
(19) as,
T S˙m = ρ˙mV + V˙ ρm (23)
where V = 4pi3H3 is the Hubble volume, since we assume Hubble horizon as the thermody-
namic boundary. The horizon entropy is given the Bakenstein relation for horizon entropy,
Sh = A/4G, where A = 4pi/H
2 is the area of the horizon. On taking the time derivative
Sh and on multiplying it with the horizon temperature, T = H/2pi, we get,
T S˙h = −8pi H˙
H2
, (24)
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where we have assumed equilibrium between the cosmic components and the horizon with
a uniform temperature, T and we have adopted the standard units such that, 8piG = 1.
Adding equations (23) and (24) to get the total entropy rate and arrange them suitably,
we get,
S˙ = S˙m + S˙h =
2pi
H
(
−4pi(3− β) + 4piΛ0
H2
)
H˙
H2
, (25)
where we have used the Friedmann equation and the expression for the decaying vacuum.
Since H˙ < 0, as the Hubble parameter is decreasing as the universe expands and the
decaying vacuum has a quintessence nature as the equation of state is always remains at
−1, the GSL condition in equation (22) is satisfied if,
Λ0
H2
≤ (3− β), (26)
which can be suitably translated in to,
3ΩΛ0 ≤ (3− β)h2. (27)
For best estimated values, ΩΛ0 = 0.689, β = −0.010, the above condition is satisfied for
the present state of the universe, where h = 1. For checking about the general validity of
GSL we have plotted the evolution of S˙ with cosmic time and is given in figure.3, showing
that GSL is satisfied through out the evolution of the universe.
The validity of GSL however does not guarantee that the entropy approaches a maxi-
mum at the end stage. The attainment of maximum entropy at the end stage indicates that
the system approaches a stable equilibrium at which it satisfies the convexity condition,
S¨ < 0 [38]. From equation (25), we have the second derivative of entropy as,
S¨ = 24pi2ΩΛ0H
2
0
[
H¨
H5
− 5H˙
2
H6
]
+
24pi2
[
H¨
H3
− 3H˙
2
H4
](
β
3
− 1
)
.
(28)
Substituting for the second derivative of H by using Friedmann equation as, H¨ = −3(1−
β)HH˙, leads to an equation in terms of H˙ and H,
S¨ = 24pi2ΩΛ0H
2
0
[
3(β − 1)H˙
H4
− 5H˙
2
H6
]
+
24pi2
[
3(β − 1)H˙
H2
− 3H˙
2
H4
](
β
3
− 1
)
.
(29)
The behavior of second derivative of entropy with H0t is shown figure 4, form which it is
clear that the second derivative of entropy approaches zero from below in the long run of
the universe. Hence the convexity condition is satisfied in the last stages and as a result
entropy will never grow unbounded in this case. The equilibrium at the last stage is hence
a thermodynamically stable one.
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Figure 4: Variation of second derivative of total entropy S¨ against H0t
Figure 5: Variation of rate of change of total entropy S˙ with H0t
4.2 For the case with interaction Q = 3Hbρm
We now check the status of the GSL and the convexity condition for the case where the
interaction between the cosmic components is introduced through a coupling parameter, b.
For checking the status of the GSL, we will use equation(25) which will lead to the same
condition in the present case also and it guarantee the validity of GSL.
The second derivative of entropy is then obtained as,
S¨ = 24pi2ΩΛ0H
2
0
[
3(b− γ)H˙
H4
− 5H˙
2
H6
]
+
24pi2
[
3(b− γ)H˙
H2
− 3H˙
2
H4
]
(
β
3
− 1),
(30)
The figures below shows the second derivative of entropy variation with the the cosmic time
H0t. Here also, as in the previous case, the second derivative of the entropy is approaching
zero from below at the end stage, implies that the convexity condition is satisfied asymp-
totically, consequently the entropy is bounded. This otherwise implies that the universe
tending towards a state of thermodynamically stable equilibrium.
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Figure 6: Variation of second derivative of total entropy S¨ against H0t
5 Phase space analysis
In the previous section, the thermodynamic analysis have shown that, the model is thermo-
dynamically stable as the entropy satisfies the generalized second law and also it satisfies the
convexity condition. So it is worth studying the dynamical system behavior of the model,
and it’s asymptotic behavior. The method is to construct suitable autonomous differential
equations from the Friedmann equations governing the time evolution of the model. Then
the critical points corresponding to these autonomous equation can be analyzed for the
stability conditions.
The dynamical variables selected for constructing the autonomous equations are,
u =
ρm
3H2
, y =
ρΛ
3H2
. (31)
Both these varies in the range, 0 ≤ u ≤ 1 and 0 ≤ y ≤ 1. We then have the autonomous
differential equations, using Friedmann equations, as
u′ = 3u(b− γ)− 3(1− y)
(
b− γ
1− β
)(
1− β − ΩΛ0H
2
0
H2
)
(32)
y′ = −3(1− y)b− 3y
(
b− γ
1− β
)(
1− β − ΩΛ0H
2
0
H2
)
, (33)
where the prime denote a derivative with respect to ′log a′. The critical points (uc, yc) are
found equating both the equations to zero. Since we are interested in the asymptotic be-
havior we will select the critical points corresponding initial and final asymptotic condition
and are,
(uc, yc) = (1, 0) corresponding toH →∞(a→ 0)
(uc, yc) = (1, 1) corresponding toH → 0(a→∞)
(34)
To check the stability of the system around the resulting critical points, we consider
small perturbation around the critical point and linearize the dynamic system. Perturba-
tion around critical point can be written as u→ uc+δu and y → yc+δy. The linearization
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leads to the following matrix equation,
[
δu′
δy′
]
=
(∂f∂u)0 (∂f∂y)0(
∂g
∂u
)
0
(
∂g
∂y
)
0
[δu
δy
]
(35)
where the derivatives are evaluated at the critical points. From this matrix equation we
can write the Jacobian matrix corresponding to the autonomous equations Eq.(32) and
Eq.(33) [
3(b− γ) 3( b−γ1−β )(1− β − ΩΛ0H
2
0
H2 )
0 3b− 3( b−γ1−β )(1− β − ΩΛ0H
2
0
H2 )
]
(36)
Eigen values are obtained by solving the corresponding Jacobian matrix are
λ1 = −3, λ2 = 3 cooresponding to (uc, yc) = (1, 0)
λ1 = −3, λ2 = 0 cooresponding to (uc, yc) = (0, 1)
(37)
For (uc, yc) = (1, 0), both eigen values are real and are opposite in sign, hence the critical
point is an unstable saddle point. Hence any trajectory starting form the neighborhood of
-1.0 -0.5 0.0 0.5 1.0 1.5 2.0
-1.0
-0.5
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0.5
1.0
1.5
2.0
u
y
-1.0 -0.5 0.0 0.5 1.0 1.5 2.0
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1.5
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y
Figure 7: Phase space structure corresponding the critical points (1,0) (left panel) and (0,1)
(right panel)
this point would converge or diverge form the critical point depends on the initial condition.
The geometrical structure of the phase space around this critical point is shown the in the
first panel of figure.7, in which the saddle nature of the critical point is evident. It is to be
noted that this critical point is corresponding to the solution at a prior decelerated epoch
where dark matter is dominated. The saddle nature of the point is as expected such that
the evolution will continue further towards a future epoch of the universe.
For the second critical point (uc, yc) = (0, 1) one of the eigen values is negative while the
other is zero. It is to be noted that, the solution corresponding to this critical point is dark
energy dominated at which the Hubble parameter is approaching a constant. The phase
plot of this given in the right panel of figure.7 shows that, it is a non-isolated critical points.
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The plot shows that the trajectories are attracted towards each other at the location of
the critical points (0,1). Hence as far as the two dimensional plot is concerned the system
is happens to be stable, which is the conclusion that is in compatible with the thermal
evolution of the model.
6 Conclusions
The cosmological model with dark matter and dynamical vacuum, Λ = Λ0 + 3βh
2 has
been analysed, particularly in the context of a phenomenological interaction between the
dark sectors. The model has been analysed before[37] in the light of the cosmic star
formation data and found a upper limit on the vacuum parameter as, β < 0.01 In the present
work we have analysed the cosmological evolution of the model using the supernovae data
and estimated the dynamical vacuum density parameter as β = −0.002 and when known
interaction between the dark sectors were characterized by a coupling constant, b = 0.001.
It was found that the cosmological evolution of the model is almost similar in characteristics
of the standard ΛCDM model.
The thermal evolution of the model has been studied and found that the generalized
second law of entropy has been satisfied through out the evolution. The evolution of the
second derivative of the entropy has also been analysed and found that it asymptotically
approaches zero from the negative values, hence the condition for convexity, S¨ < 0 is satis-
fied. This shows that the model predicts a universe which resemble an ordinary macroscopic
system in it’s thermal behavior.
We have also performed a study on dynamical system behavior of the model, and found
two critical points in the asymptotic conditions. The one corresponds to a solution in prior
decelerated epoch of the universe and is a saddle point. Hence model will evolve from such
a epoch to a future state. The later critical point is corresponding to an accelerating phase
of the universe. The phase trajectories around this critical point as shown in figure 7, shows
that the trajectories are attracted towards each other form both sides of the critical point
resembling a non-isolated point. However the approaching of the trajectories indicating a
stable situation as far as the two dimensional behavior of phase-space is concerned.
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